We analyse the Floquet-Bloch spectrum of matter waves in Bose-Einstein condensates loaded into single-periodic optical lattices and double-periodic superlattices. In the framework of the Gross-Pitaevskii equation, we describe the structure and analyse the mobility properties of matter-wave dark solitons residing on backgrounds of extended nonlinear Bloch-type states. We demonstrate that interactions between dark solitons can be effectively controlled in optical superlattices.
Introduction
Bose-Einstein condensates (BECs) loaded into optical lattices show a wide range of interesting physical properties and complex nonlinear dynamics. Optical lattices can be employed to study many important physical phenomena of atomic and solid state physics. The properties of coherent macroscopic matter waves in a lattice, such as the Bloch-band structure [1] , macroscopic interference effects [2] , Bloch oscillations and Landau-Zener tunnelling [3] , have been explored in a number of experiments.
One of the many advantages of a macroscopic quantum periodic system such as a BEC in an optical lattice, is that the effective periodic potential created by a standing light wave can be easily and precisely manipulated by changing the intensities, polarizations, frequencies or geometric arrangement of the interfering laser beams. For example, the depths of the periodic potential wells induced by an optical lattice can be controlled by tuning the intensities of the laser beams. The shape of the potential can also be varied by creating an optical superlattice with more than one order of periodicity. The novel possibilities for band-gap engineering offered by superlattices have been shown to lead to a variety of phase transitions in the condensate [4] , and can be effectively employed for ultracold atom manipulations, such as patterned loading of atoms into lattice sites [5] . Most remarkably, the periodicity of the optical lattice potential leads to the effective dispersion of the BEC wavepackets being a function of the band structure. Thus by inducing the motion of the lattice relative to the BEC (i.e. via non-zero detuning of the laser beams), one can modify the dispersion properties of a matter wave [6, 7] .
Coherent matter waves are inherently nonlinear due to the presence of interatomic interactions. One of the common features of nonlinear dispersive systems is the existence of solitons. Bright solitons are localized wavepackets where the effects of dispersion are balanced by nonlinearity to produce self-trapping. In BECs, bright solitons require very special conditions to be observed. Without a periodic potential, an attractive nonlinearity and a low number of atoms (to prevent condensate collapse) are required [8, 9] . In an optical lattice, bright matter-wave solitons have been predicted to exist due to the balance of repulsive atomic interactions and negative effective dispersion near certain band edges [10] [11] [12] [13] [14] [15] [16] [17] . These bright solitons take the form of gap solitons, embedded in the spectral gaps of the linear Bloch-wave spectrum.
In the majority of condensates currently created experimentally, the interatomic interaction is repulsive. This corresponds to an effectively defocusing nonlinearity of the matter wave which can support dark solitons-localized dips on the condensate density background with a phase gradient across the localized region. Similarly to other types of solitons, they can remain dynamically stable due to the balancing effects of nonlinearity and the (positive) dispersion. Dark solitons have been created experimentally in repulsive condensates by using a phase-imprinting technique to apply a sharp phase gradient to a condensate cloud in a magnetic trap [18, 19] . In the case of BECs loaded into optical lattices, i.e. with the possibility for dispersion management, dark solitons can be supported in both repulsive (for positive effective dispersion) and attractive condensates (for negative effective dispersion). Moreover, dark lattice solitons are expected to be easier to create experimentally than bright gap solitons as they are not confined to the spectral gaps [20] , and a phaseimprinting technique can be applied to a nonlinear Bloch-wave background within a spectral band. Alternatively, trains of dark solitons can be created in a periodic potential via Bragg scattering [21] .
The theory of dark solitons has been developed extensively for many types of periodic systems such as atomic chains and waveguide arrays [22] [23] [24] [25] [26] . Applying the concepts of discrete dynamical systems to the physics of Bose-Einstein condensates in optical lattices, Abdullaev et al [27] studied dark and bright solitons on non-zero backgrounds in a vertical lattice by employing a discrete mean-field model derived in the tight binding approximation, i.e. considering a single isolated band of the Bloch-wave spectrum. In contrast, Yulin and Skryabin [20] used a single-gap continuous coupled-mode model in order to examine the stability and existence of out-ofgap dark and bright solitons. A more general analysis, based on the continuous Gross-Pitaevskii equation with a periodic potential, was presented by Alfimov et al [28] who showed that for a repulsive condensate in an optical lattice, dark solitons can exist as stationary localized states with nonvanishing asymptotics. Alfimov et al [28] as well as Konotop and Salerno [12] also found numerically stable dark solitons for periodic quasi-one-dimensional BEC systems.
In this paper we study the structure and mobility properties of dark solitons in single-and double-periodic optical lattices (superlattices) by employing the full continuous mean-field model. First, we describe the multiple-band-gap structure of the condensate matter-wave spectrum in a single-periodic optical lattice and analyse the Bloch waves corresponding to the band edges. We then extend this analysis to the case of a double-periodic optical superlattice and demonstrate that extra mini-gaps appear in the matter-wave spectrum. We show that in-band nonlinear Bloch states can support dark solitons, and find numerically continuous families of dark solitons imprinted onto the nonlinear Bloch waves of a repulsive BEC. These localized states display some properties found in discrete lattice models, including the existence of the pinning (PeierlsNabarro) potential [29] [30] [31] that inhibits the solitons' mobility and interactions even in the shallow well case. Pairs of dark solitons with opposing phase gradients always experience a repulsive interaction in the lattice-free case [32] , and we show that an optical superlattice can be used to initiate and effectively control the interactions of dark lattice solitons.
Model
The dynamics of a Bose-Einstein condensate loaded into an optical lattice can be described in the mean-field approximation by the Gross-Pitaevskii (GP) equation for the macroscopic condensate wavefunction (x, y, z; t),
where 
where = ω ⊥ /ω x . The first term of the potential describes an anisotropic parabolic potential due to a magnetic trap. V L (x) is the effective periodic potential formed by a onedimensional (1D) optical lattice of the form
where 0 ε 1. The superlattice potential given by equation (3) can be obtained by superimposing two separate far-detuned one-dimensional (1D) single-periodic lattices using lasers of different wavelengths, e.g. λ 1 > λ 2 . If the two lattices are orthogonally polarized, the resulting dipoletrapping potential is proportional to the sum of their individual intensities. With this interpretation, U is proportional to the total intensity, and ε is related to the relative intensities of the two standing light waves. The lattice wavevectors are K 1 = 2π/λ 1 and K 2 = 2π/λ 2 , and the larger of the two periods is d = λ 1 /2. In this paper we choose λ 1 /λ 2 = 2 (e.g. λ 1 = 700 nm and λ 2 = 350 nm).
Equation (1) can be made dimensionless by using the characteristic scales of length,
In dimensionless units, the two-body interaction coefficient is given by g 3D = 4π(a s /a L ). The lattice depth is measured in units of E L (which relates to the single-photon recoil energy as E L = 2E rec ). Furthermore, we assume that the condensate cloud is strongly elongated in the x-direction, and the system can be considered to be quasi-1D, with the column density in the weak confining direction much smaller than the inverse of the characteristic scattering length: a s | | 2 dy dz 1. The condensate wavefunction is then separable (see, e.g., [33] ) as (x, r, t) = (r )ψ(x, t), with (r ) well described by the ground state of a twodimensional radially symmetric quantum harmonic oscillator, with the normalization
Integrating the dimensionless equation (1) over the transverse coordinates gives the 1D GP equation:
where
As the magnetic confinement along the axial direction is weak, we can ignore its contribution to V (x) so that the external potential along this direction is approximated by the quasi-1D periodic potential of the optical lattice:
Here the amplitudes U and ε are the two experimentally controlled parameters which can be varied in our model. The shape of an optical superlattice depends on the values of these parameters. In the limits ε → 0 or 1, the lattice becomes single periodic, and U is equal to the height of the lattice V 0 . For ε = 0 and 1, equation (5) describes a double-periodic superlattice with the lattice amplitude, U , defined through the height of the periodic potential, V 0 , as Figure 1 shows that the superlattice potential consists of a sequence of alternating small and large wells. As seen in the figure, by changing the relative intensities of the two component standing waves (i.e. by varying ε), the relative depths of the lattice wells can be manipulated whilst keeping the height V 0 of the lattice constant.
The matter-wave band-gap spectrum
Stationary states of a condensate in a quasi-1D infinite periodic potential are described by solutions of equation (4) 
where V (x) is defined in equation (5) . The case of a noninteracting condensate formally corresponds to g 1D = 0. Equation (6) becomes linear in φ, and the condensate wavefunction can be presented as a superposition of Bloch waves:
where φ 1,2 (x) have the periodicity of the lattice potential, b 1,2 are constants, and k is the Floquet exponent. The linear matter-wave spectrum consists of bands of eigenvalues µ n,k in which k(µ) is a real wavenumber of the amplitude-bounded oscillatory Bloch waves. The bands are separated by 'gaps' in which Im(k) = 0. The solutions at the band edges are exactly periodic stationary Bloch states. For an interacting condensate (g 1D = 0), bright gap soliton solutions exist for the chemical potentials corresponding to the gaps of the linear matter-wave spectrum [10] [11] [12] [13] [14] [15] [16] [17] . Figure 2 presents the band-gap diagram on the plane (µ, V 0 ) for the Bloch-wave solutions of equation (6) in the case of a noninteracting condensate in the lattice potential described by equation (5) . The spectrum is obtained by solving the matrix eigenvalue problem corresponding to g 1D = 0 in equation (6) by using spectral collocation techniques. Only the lowest bands are shown. The structure of the band-gap spectrum of a single-periodic optical lattice (ε = 0, shaded) is compared with that of a double-periodic lattice or superlattice (ε = 0.05, dashed curves). The mini-gaps of the superlattice which open up 'inside' the bands of the single-periodic lattice are clearly visible. As ε = 0.05 is close to ε = 0, there is significant overlap between the two linear band-gap spectra. However, as ε → 1, the two spectra diverge. With the small wells breaking the symmetry of the sinusoidal potential, Bloch-wave solutions exist with peaks in the small wells and/or the large wells of the superlattice. The periodic Bloch waves at the band edges 1, 1 B , 1 T and 2 have discrete counterparts in the solutions of the well-known diatomic lattice problem. However, the extended solutions in higher order bands cannot be described using the standard nearestneighbour, single-band discrete approximation.
Dark solitons

Single-periodic lattices
We find different families of dark soliton solutions numerically by using a standard relaxation technique to solve equation (6) with the lattice potential V (x) given by equation (5) . In this subsection, we describe our results for the single-periodic case (ε = 0). In the following subsections, we investigate the more complicated double-periodic superlattice. Although we only study dark solitons associated with the lowest bands of the matter-wave spectrum, our results should qualitatively apply to dark solitons of the higher order bands. Figures 4(a), (b) show the families of dark solitons for a single-periodic optical lattice of height V 0 = 1 and ε = 0. According to figure 2, this is in the shallow well regime where the bands are broad, and the coupling between lattice wells is strong. Figure 4(a) shows the families of dark solitons with respect to the band-gap structure of the linear Blochwave spectrum. The dark solitons are characterized by the dependence of a complementary norm, P c , of the condensate wavefunction on the chemical potential µ, where P c is defined as follows:
The complementary norm P c characterizes a deficit of the condensate atoms associated with the formation of a dark soliton notch in the Bloch-wave background. The quantitative measure of this deficit depends on the width of the notch and the peak density of the background. As a rule, wider solitons form on lower density Bloch waves near the lower edges of spectral bands (see figure 4) . The higher density nonlinear Bloch waves, corresponding to large chemical potentials, carry narrow dark states. With the parameters used in this paper, we can estimate that the dark states formed on a nonlinear Blochwave background within the first or second bands (shown in panels (b) of figure 4) can 'deplete' the Bloch state by up to ∼10 2 atoms. By analogy with bright spatially localized states of BoseEinstein condensates in optical lattices, there exist two distinct types of dark solitons-those centred on the minimum (onsite) and the maximum (off-site) of the lattice potential. As shown in figure 4(a) , the two families of dark solitons originate at the lower edges of each spectral band. The difference in complementary norm between the families becomes prominent for larger µ in the first band, but is negligible for the families originating in the second band. It can be seen in figure 4(b) that each of these dark solitons rests on a periodic matter-wave background. Near the bottom edge of a band (e.g., edges 1 and 3 in figure 4(a) ), the background has the spatial structure of a linear periodic Bloch wave at the corresponding band edge (see figure 2(b) ). For larger µ when the linear theory becomes invalid, the background mode describes a nonlinear Bloch wave, which is a periodic solution of the nonlinear timeindependent Gross-Pitaevskii equation [15] . The effect of the interatomic interactions (i.e. nonlinearity) is to cause an effective shift of the band edges. Therefore, the nonlinear Bloch waves can be found in spectral regions beyond the linear bands. Correspondingly, the families of dark solitons originate within but extend well beyond the linear bands.
Superlattices
In a superlattice (when 0 < ε < 1), a second periodicity is introduced into the system as shown in figure 1. As discussed in section 3, the addition of the extra periodicity to the lattice potential causes structural changes in the matter-wave bandgap spectrum as well as in the spatial structure of the Bloch states. Dark solitons can now appear at the edges of the minigaps opened by the superlattice.
We found dark soliton solutions to equation (6) for superlattice potentials numerically using the relaxation technique. Examples of the dark soliton families for a superlattice with ε = 0.3 and a lattice height of V 0 = 1 (i.e. in the shallow lattice regime) are shown in figure 5. For this superlattice potential, the mini-gaps are inside the bands of the matter-wave spectrum of the single-periodic lattice (ε = 0). Figure 5(a) shows the complementary norm of the dark solitons in the two bands around the first mini-gap opened by the superlattice potential. The two families in each band correspond to the dark states centred on large or small lattice wells. The latter state transforms into an off-site dark soliton in the limit ε → 1, and into an on-site soliton in the limit ε → 0. Figure 5(b) presents examples of the spatial structure of each of the dark soliton families. As in the case of dark solitons in a single-periodic lattice, the dark solitons in a superlattice describe kink-like modes on a non-zero background that, away from the localized region, becomes a nonlinear Bloch wave. The families of dark solitons originate at the bottom edges of the linear bands and extend beyond the bands as nonlinearity grows.
As µ is increased, the difference in complementary norm between the two families becomes prominent in each of the two bands shown in figure 5(a) . In the single-periodic case, the dark off-site solitons always had lower norm than the onsite soliton family. A superlattice allows dark solitons to be centred in wells of different depths and, as can be seen in figure 5(a) , the lower values of norm alternate between dark solitons centred at large wells and those centred at small wells. Similar behaviour has been observed for power differences between different families of bright gap solitons in binary waveguide arrays recently analysed in [34] ; for that model the alternating power splitting between the families can be linked with alternating stability properties.
Stability is an important and as yet unexplored question for dark matter-wave solitons in optical lattices. Several analytical techniques have been developed to study stability of dark solitons, as outlined in a review paper by Kivshar and Luther-Davies [32] . However, a rigorous stability analysis of matter-wave dark solitons in an optical lattice is complicated by the fact that their backgrounds are not constant but take the form of nonlinear Bloch waves. These have their own stability properties which have been explored in [12, 35] , with the conclusion that only the ground state nonlinear Bloch wave can be modulationally stable. Yulin and Skryabin [20] analysed the stability of dark matter-wave solitons in the framework of a coupled-mode model and confirmed that the stability of dark solitons depends on the stability of the background [20] . The weak spectral instability of dark solitons in a combined optical lattice and strong harmonic potential, both in the discrete and continuous mean-field models, has been established in [36] . Although the rigorous study of the dark soliton stability in optical superlattices in the framework of the full meanfield model is beyond the scope of the present paper, in the following subsections we will draw some analogies between the dynamical stability properties of matter-wave dark solitons in optical lattices and dark localized states in discrete nonlinear lattices [31] .
Dark solitons and the Peierls-Nabarro potential
The difference in complementary norm between the soliton families described above can be associated with the difference between the minimal values of the energy functional for the GPE,
for the different types of stationary dark solitons. The energy difference between a soliton centred at a maximum of the periodic potential and one centred at a neighbouring potential minimum corresponds to the height of an effective potential known as the Peierls-Nabarro (PN) potential [29] [30] [31] . The value of the PN potential thus obtained can be understood as the minimum energy required to move a localized wavepacket by one lattice site. As was established for bright localized modes in a discrete lattice, the two different stationary states can be seen to represent a moving mode at different times. Therefore, the knowledge of the PN potential height is essential in answering the questions about possible mobility of a lattice soliton and its ability to interact with other localized states [29] [30] [31] .
The collective variable analysis of dark solitons in the discrete nonlinear lattice model [31] shows that the on-site and off-site dark states correspond to the minima and maxima of the PN potential respectively. This means that the on-site dark states should be stable, and the off-site states unstable with respect to small variations in their position relative to the lattice. By analogy with the discrete model, we would expect the dark off-site matter-wave solitons in a single-period lattice to be highly unstable and to require no initial perturbation to initiate their motion. In comparison, the on-site dark solitons would be expected to be pinned by the lattice, with an abovethreshold initial velocity required to overcome the PN potential and start a motion across the lattice.
Analytical and numerical calculations of the PN potential for the bright matter-wave gap solitons were recently performed in the discrete GP model [37] , assuming the tight binding regime of the BEC dynamics. The model is mathematically similar to that used in [31] . Remarkably, it was established that the tight binding calculations of the PN potential fail to match the results for the full continuous model, even in the regime of parameters where the approximation is well justified. Therefore, in order to make predictions regarding the mobility and interaction properties of the dark solitons, here we calculate the PN potential for the solutions of the full continuous model.
To characterize the PN potential, we calculate for a fixed value of µ the energy difference between the dark solitons centred at the two different relevant points of the lattice potential, e.g. the on-site and off-site dark states in the singleperiodic case. A fixed value of µ ensures that the amplitude of the Bloch-wave background is constant, which is the case for a dark soliton moving across the lattice. In both the singleperiodic lattice and the superlattice case, we analyse the dark soliton families originating in the first band. Figure 6 (a) shows the calculated energy difference as a function of µ of on-site (centred on a potential minimum) and off-site (centred on a maximum) dark solitons in a singleperiodic lattice with ε = 1. Figure 6 (b) shows the energy difference of solitons centred in the large and small wells of the superlattice potential. As ε → 1 the small wells of superlattice potential evolve into the maximum of the single-periodic potential at ε = 1. In a single-periodic lattice (figure 6(a)) the energy difference characterizes the PN potential barrier for a dark soliton. For the moderate values of µ within the first band, the energy difference E off − E on is positive. Therefore we expect that even in a shallow lattice regime the dark on-site and (e) they are initially in the small wells of a superlattice for ε = 0.7 and 0.3, respectively. In (f) small amplitude periodic perturbation is added to the initial condition of (e) at t = 0.
soliton is effectively pinned by the lattice due to the presence of a large PN potential. For the superlattice, figure 6(b) shows the difference between the energies of the dark solitons centred in the large and small wells of the superlattice potential as a function of µ. Strictly speaking, this difference does not fully characterize the PN barrier for a dark soliton due to the presence of an intermediate state-a dark soliton centred on a maximum of the superlattice potential (see the discussion in the following subsection). Rather, it characterizes a difference between the PN barriers experienced by dark solitons centred in neighbouring wells of the superlattice. The steep positive energy difference near the first band edge indicates that the motion and interaction of the solitons is much more easily initiated if initially the dark state is centred on a small well of the superlattice potential. The variations in energy difference for different values of ε (see figure 6(b) ) suggest that, for a fixed chemical potential, lattice height, and periodicity, variation of the superlattice parameter controls the magnitude of the PN barrier and therefore mobility and interaction properties of the dark solitons.
The inflection of the dependence at larger µ for both the single-and double-periodic lattices could indicate that for the shallow lattice, the nonlinear effects on the soliton dynamics start to prevail over those due to the lattice potential.
Soliton interactions
To test the predictions regarding the mobility of the localized states and to model interactions between dark matter-wave solitons in an optical lattice, we integrate equation (4) using a split-step Fourier method. The code is implemented using the xmds code generator 1 . We study interactions between dark solitons in the framework of the two models of optical lattice potentials described above: (i) a single-periodic lattice with ε = 1 and (ii) an optical superlattice with ε = 0.7 or 0.3. In each case, the lattice height is fixed to V 0 = 1. The initial conditions for both lattices are a pair of dark solitons on a ground state nonlinear Bloch-wave background. The chemical potential is slightly different in each case so as to model solitons with the same maximum background densities. The initial spatial separation between the dark solitons in a pair is 6π. This corresponds to a spatial separation of six lattice periods. The results of the temporal dynamics are shown in figure 7 (for the values of µ near the bottom edge of the first band), and seem to agree with the qualitative predictions from the PN calculations above. Figure 7 (a) shows that even in the shallow well regime, a single-periodic potential is sufficient to trap the dark solitons centred in the potential minima due to the effect of the PN barrier. This pinning effect also prevents dark solitons from interacting with each other when both solitons are initially centred at the potential minima. In our simulations, the density perturbation of the matter wave develops from the random numerical noise. By adding an amplitude perturbation to the initial conditions, one can observe damped oscillations of the individual soliton positions around the potential minimum (not shown). centred at the potential maxima of a single-periodic lattice are unstable with respect to variations in their initial position, and start moving and interacting without the aid of an initial perturbation.
In the superlattice potential, if both solitons are initially centred at the large wells of the lattice potential, the dark solitons are also trapped by the lattice, as seen in figure 7(d) . However, if the solitons are shifted so that they are initially centred at the small wells of the lattice potential, they are able to move, interact, and eventually repel each other, as shown in figures 7(c) and (e). The interaction of dark solitons centred in the small wells for ε = 0.7 ( figure 7(c) ) is similar to the interaction of off-site solitons of the single-periodic lattice for ε = 1 ( figure 7(b) ). The addition of very small amplitude perturbations to an unstable initial state can trigger a more rapid soliton separation (see figures 7(e) and (f)). The same effect can be achieved by changing the contrast of the superlattice by increasing ε whilst keeping the periodicity and lattice height constant, as shown in figures 7(c) and (e).
The analysis of the spatial profiles of the solitons moving through a superlattice ( figure 8) shows that, as mentioned in the subsection above, the transition of the soliton from a small to a large well (and vice versa) occurs through an intermediate asymmetric state centred on a superlattice maximum. The energy of this state should be included in the calculations of the PN barrier for the superlattice case. However, we were unable to find such localized states numerically, apart from in the regime of very high chemical potentials, where the effects of the lattice are less relevant.
It is also interesting to note that although exact moving (or 'grey') soliton solutions carrying a phase gradient may not exist in the original model, a dark soliton can move across the lattice, as demonstrated by the results above. This movement is accompanied by emission of low amplitude excitations on the Bloch-wave background, as was pointed out in [38] . The analysis of the soliton profiles at different stages of their propagation through the lattice (as can be seen in figures 8(a)-(c)) reveals that the slowly moving solitons have high contrast and are indeed 'dark'. However, faster moving solitons do become grey, as seen in figure 8(d).
Conclusion
We have analysed the band-gap structure of the FloquetBloch matter waves in optical lattices and superlattices in the framework of the Gross-Pitaevskii equation with single-and double-periodic potentials. We have shown that each type of nonlinear Bloch matter wave can support dark solitonslocalized, stationary notches in the condensate background density with a phase gradient. We have described different families of dark solitons originating within the multiple bands of the Floquet-Bloch matter-wave spectrum. By considering the continuous analogue of the Peierls-Nabarro potential in discrete lattices, we have demonstrated that the mobility and interaction properties of the dark solitons can be effectively controlled by changing the structure of an optical superlattice.
